A meshless method is presented to solve the radiative transfer equation in the even parity formulation of the discrete ordinates method in complex 2D and 3D geometries. Prediction results of radiative heat transfer problems obtained by the proposed method are compared with reference in order to assess the correctness of the present method.
Introduction
In the last decade, a large family of meshless methods have been developed for solving partial differential equations. Comprehensive literature surveys and textbooks may be consulted for reference [1] [2] [3] . In this paper, we focus on the moving least squares collocation meshless method whose origin can be found in different independent works. The notion of moving least squares approximation has been introduced to improve the least squares approximation in the early seventies for generating surfaces [4] . In order to improve the finite element interpolation, diffuse approximation which is closely related to MLS has been presented [5] and used in a Galerkin-like approach in what was called the diffuse element method [6] and has been further improved in the development of the Element Free Galerkin method [7] .
Rather than introducing the MLS approximation in a Galerkin procedure, one can use it in a collocation approach to approximate the derivatives of the unknown scalar field in a cloud of points and solve partial differential equations. One of the first attempts to solve heat transfer and fluid flow problems by using a diffuse approximation or a moving least squares collocation method was described in [8] where fluid flow and natural convection problems have been solved in the vorticity-streamfunction formulation. The method has been found efficient and comparable in accuracy to the well established control volume based finite element method [9] . By using a projection algorithm for the pressure velocity coupling, fluid flow problems have been solved in the primitive variable formulation of the Navier Stokes equations [10] .Unsteady two and three dimensional problems have been considered and the method was shown to be accurate both in space and time [11] [12] . The method has also been compared to classical methods when solving a convection dominated phase change benchmark problem [13] . It has been found that it was accurate even for the high values of the considered Rayleigh numbers. Further it was one of the only two methods which predicted a multicellular flow in one test case.
There exist numerous engineering situations where heat transfer and fluid flow occur in a semi transparent medium. In these cases, radiative transfer must be solved together with other transfer processes in an iterative manner on the same mesh or set of nodes. Thus, any new numerical method must also be able to accurately calculate radiative transfer. The main goal of this article is therefore to show that the diffuse approximation or the moving least squares collocation method can tackle radiative transfer problems with a sufficient accuracy.
Due to absorption and diffusion phenomena in the participating medium, radiative intensity which is the fundamental quantity in this field obeys an integro-differential equation called the radiative transfer equation (RTE) whose main difficulty is its directional nature. If one excepts Monte Carlo and Ray Tracing methods which are time consuming and not easily coupled with, two classes of methods can be used, namely the spherical harmonics method also called moment method or simply P N method and the discrete ordinates method (DOM) or S N method. The P N method uses an approximation of the radiative intensity and converts the integro-differential RTE into an Helmholtz type equation which can be solved by standard numerical methods. In the Discrete ordinates method, the RTE is converted into a system of partial differential equations which can also be solved with standard numerical methods such as finite volume [14] [15] [16] or finite element [17] [18] methods. Application of the even parity formulation of the RTE to the DOM has been implemented by several researchers [19] [20] .
The second-order differential form of the even parity formulation is attractive since it reduces the number of governing equations to half compared with the conventional first-order discrete ordinates equation. Also, the resulting equations are familiar second-order differential equations.
Some attempts to solve radiative transfer problems by using meshless methods have been proposed. Two dimensional geometries have been mainly considered [21] [22] [23] . In a previous paper [24] we have shown that the even parity formulation has better stability when using a collocation meshless method than the primitive variables formulation. In this work, we extend the approach used in [24] to two dimensional and three dimensional complex geometry problems. This paper is organized as follows. The discrete ordinates method in the primitive variables and the even parity formulations are first described. The collocation meshless method and the discretization of the equations are then presented. To evaluate the accuracy and computational efficiency of the present meshless method, various 2D and 3D test cases are finally considered. The results obtained are discussed and compared with other available solutions.
The discrete ordinates method
The DOM is based on the use of numerical quadratures to approximate the integrals that appear in the calculation of the incident radiation and partial heat fluxes. It uses a discretization of the angular space by a finite number of directions along which the RTE is solved. In the primitive variables formulation, considering a discrete ordinate i with coordinate s , for an absorbing, emitting and scattering medium, the RTE is written as:
are the discrete ordinates directions, and κ , σ and β are the absorption, the scattering and the extinction coefficients, respectively, b I is the blackbody intensity of the medium, ) , (
is the scattering phase function of intensity entering from j Ω′ scattered to i Ω and ) ( j W Ω′ is the angular weight of ordinate j . Boundary condition for diffuse walls are:
where ε is the wall emissivity, bw I is the blackbody intensity of the wall, n is the unit inward normal vector at the boundary location and j Ω′ is the unit direction vector of j th ordinate.
Basically, the discrete ordinates (or S N ) method proceeds as follows:
1. The RTE is solved for a discrete set of 
Even-parity formulation of the discrete ordinates method
Introducing the following new variables defined as:
and assuming that the scattering-phase function satisfies the following general condition: 
The corresponding boundary condition is:
Where q′ is given by:
Function G can be deduced by using the equation :
The incident radiation, the partial fluxes and the boundary condition on a wall are then calculated by the usual numerical quadratures.
The moving least squares collocation meshless method
The partial differential equations are solved by a moving least squares based meshless method whose main characteristics are presented in this section. It can thus be written:
where ) ( X X P i − is a colon vector of polynomial basis functions and T X ) ( α a vector of coefficients which are determined by minimizing the quantity:
is a weight-function of compact support, equal to unity at this point, decreasing when the distance to the node increases and zero outside a given domain of influence (a more precise description of ) , ( X X X i − ω will be done next).
Minimization of Eq. (16) then gives:
where:
By inverting system (17), one obtains the components of α which are the derivatives of Φ at X in terms of the neighboring nodal values i Φ . In this work, the Taylor expansion is truncated at order 2.The polynomial vector used is
and we have: Finally, the following system is obtained: In our studies, several weight-functions were tried and it was found that the following Gaussian window : behaves rather well. The distance of influence σ is updated at each point. In our work, the distance of influence is chosen at each point to include 9 neighbours (in 2D) and 27 neighbours (in 3D).
The previous approximation is then used in a point collocation method to solve partial derivatives equations. At each point of the discretization, the derivatives appearing in the equation to be solved are replaced by their diffuse approximation thus leading to an algebraic system that is solved after the introduction of the boundary conditions. The Dirichlet type boundary conditions are introduced in the same way as in the finite element method. The Neumann boundary conditions on the other hand are replaced by their diffuse approximation and then introduced in the algebraic system. The final algebraic system is solved by using the BICGSTAB iterative method.
Discretization schemes
In the following, we set ( )
and we define i a as the i th line of the inverse
For 2D problems, the governing equation 9 can be written: By using the explicit relations of the derivates given by Eq. (22) 
, ( 
For the points in the boundary, we therefore write: 
For the points lying in the boundary, the following coefficients are obtained:
Two-dimensional results
This section is devoted to the results obtained on some two-dimensional problems.
1Two-dimensional quadrilateral enclosure
Let us first consider here the example studied by Chai et al [25] in the geometry of Figure 1 .
This problem consists of an absorbing and emitting medium maintained at an emissive power of unity. The medium is enclosed by cold and black walls. The selected medium absorption coefficient κ varies from 0.1 to 1.0 to 10 m -1 . This benchmark problem has been studied before and an exact solution for radiative heat flux along the bottom wall has been provided [25] . Finally it is worth noting that (with a convergence test on the relative error equal than 10 -5 ), the number of iterations necessary for convergence is equal to 17 for both quadratures while the CPU time with the S8 quadrature is 3.28 times greater than that with the S4 quadrature.
Three-dimensional results
We now turn to the presentation of three dimensional results obtained in an hexaedral, an L shaped and an elliptic enclosures respectively. ). Our results are compared with the exact solution given in [27] .
Hexahedral enclosure
We show on Figure 7 the wall heat flux along the line (z=h/2) for the three values of the absorption coefficient and by using an S 6 approximation. The grids used in the calculations 
3D L-shaped enclosure
We consider now the 3D L-shaped enclosure containing an absorbing and emitting medium shown on Figure 8 . The medium is at a temperature of 100K while the black walls are maintained at 500K. This problem has been studied by Malalasekera et al [28] by using the discrete transfer method. As it can be seen, the meshless results are of comparable accuracy with the reference results of Chai et al. [29] and even parity formulation solved in a body-fitted system [30] Figure 12 : Radiative flux on line AA
Conclusion
A diffuse approximation meshless method is employed for solving radiative transfer in 2D
and 3D complex geometries in the even parity formulation of the discrete ordinates method.
The results are compared with other benchmarks results and a good agreement has been observed. The results show that the method has a good accuracy in solving radiative heat transfer in absorbing, emitting and scattering media in complex geometry.
